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Abstract
Let G be a graph of order at least 3k, where k is a positive integer. Justesen (Ann. Disc.
Math. 41 (1989) 299{306) proved that if d(x)+d(y)>4k for every pair of non-adjacent vertices
x and y of G, then G contains k vertex-disjoint cycles. This improved the result of Corradi and
Hajnal (Acta Math. Acad. Sci. Hung. 14 (1963) 423{439), who proved the same conclusion
provided that the minimum degree of G is at least 2k. In this paper, we strengthen and expand
Justesen’s result, showing that if d(x) + d(y)>4k − 1 for every pair of non-adjacent vertices
x and y of G, then G contains k vertex-disjoint cycles. Moreover, the condition on degrees is
sharp. c© 1999 Elsevier Science B.V. All rights reserved.
1. Introduction
Let G be a graph. A set of subgraphs of G is said to be vertex-disjoint if no two of
them have any common vertex in G. Corradi and Hajnal [2] investigated the maximum
number of vertex-disjoint cycles in a graph. They proved that if G is a graph of order
at least 3k with minimum degree at least 2k, then G contains k vertex-disjoint cycles.
In particular, when the order of G is exactly 3k, then G contains k vertex-disjoint
triangles. This is an important and beautiful result in the theory of vertex-disjoint
cycles in graphs. Justesen [5] proved the same conclusion provided that the sum of
degrees of every pair of non-adjacent vertices of G is at least 4k. Hajnal and Szemeredi
[4] proved that if G is a graph of order sk, where s>3 and k>1 are integers, and the
minimum degree of G is at least (s − 1)k, then G contains k independent complete
subgraphs of order s. In [6], we proved that if k and s are two positive integers with
s>3 and G a graph of order n>sk with n = qk + r, 06r6k − 1, such that G has
minimum degree at least (s−1)k, then G contains k independent cycles C1; C2; : : : ; Ck
such that s6l(Ci)6q for 16i6k − r and s6l(Ci)6q + 1 for k − r < i6k, where
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l(Ci) denotes the length of Ci. The purpose of this paper is to improve the result of
Corradi and Hajnal. We prove the following.
Theorem. Let G be a graph of order at least 3k; where k is a positive integer.
Suppose that d(x) + d(y)>4k − 1 for every pair of non-adjacent vertices x and y
of G. Then G contains k vertex-disjoint cycles.
Let En be the graph of order n with no edges. The graph K2k−1 + En is a graph of
order (2k+n−1) obtained from K2k−1 and En by joining every vertex of K2k−1 to every
vertex of En. The graph K2k−1 +En with n>k+1 shows that the condition on degrees
is sharp. This graph does not contain k vertex-disjoint cycles. But d(x)+d(y)=4k−2
for every pair of non-adjacent vertices x and y.
We discuss only nite simple graphs and use standard terminology and notation from
[1] except as indicated. Let G be a graph. For a vertex u2V (G) and a subgraph H of
G, N (u; H) is the set of neighbors of u contained in H , i.e., N (u; H)=NG(u)\V (H).
We let d(u; H) = jN (u; H)j. Thus d(u; G) is the degree of u in G. For a subset U of
V (G); G[U ] denotes the subgraph of G induced by U . If S is a set of subgraphs of
G, we write G S. We shall use mK3 to represent a set of m vertex-disjoint triangles.
For two vertex-disjoint subgraphs G1 and G2 of G,
P
x2V (G1) d(x; G2) is the number
of edges of G between G1 and G2. The length of a cycle C is denoted by l(C).
2. Lemmas
In the following, G is a graph of order n>3. The rst two lemmas are easy obser-
vations.
Lemma 2.1. Let C be a cycle of length at least 4 and x a vertex of G not on C.
If d(x; C)>2; then G[V (C) [ fxg] contains a cycle of length less than l(C) unless
d(x; C) = 2; l(C) = 4 and x is adjacent to two non-adjacent vertices of C.
Lemma 2.2. Let T be a triangle of G. Let x and y be two vertices of G not on T .
Suppose that d(x; T ) + d(y; T )>5. Then T has a vertex z such that T − z + x is a
triangle and yz 2E(G).
Lemma 2.3. Let P=uvw be a path and T a triangle of G such that T is vertex-disjoint
from P. Then the following hold:
(a) If d(u; T )+ d(w; T )>5 and d(v; T )>1; then G[V (P [ T )] contains two vertex-
disjoint triangles.
(b) If d(u; T )+d(v; T )+d(w; T )>7; then either G[V (P[T )] contains two vertex-
disjoint triangles; or d(u; T ) = d(w; T ) = 2; N (u; T ) = N (w; T ) and d(v; T ) = 3.
Proof. To prove (a), we assume without loss of generality that d(u; T ) = 3 and
d(w; T )>2. Let x2N (v; T ). If x 62N (w; T ), then uxvu and T − x + w are two vertex-
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disjoint triangles of G. If x2N (w; T ), then vxwv and T − x+ u are two vertex-disjoint
triangles of G. This proves (a).
To prove (b), suppose G[V (P [ T )]+ 2K3. Since d(u; T ) + d(w; T )66, d(v; T )>1.
By (a), we obtain d(u; T ) + d(w; T )64. Hence d(v; T ) = 3 and d(u; T ) + d(w; T ) = 4.
Clearly, N (u; T ) \ N (v; T ) 6= ; and N (v; T ) \ N (w; T ) 6= ;. It is easy to see that if
d(u; T ) = 3 or d(w; T ) = 3, then G[V (P [ T )] contains two vertex-disjoint triangles.
We conclude that d(w; T ) = 2 and d(u; T ) = 2. It follows that N (u; T ) =N (w; T ) must
hold.
Lemma 2.4. Let P=uvwx be a path and T a triangle of G such that T is vertex-disjoint
from P. Then the following hold:
(a) If
P
y2V (P) d(y; T )>9; then G[V (P [ T ) − fzg] contains two vertex-disjoint
triangles for some z 2V (P). Furthermore; if G[V (P[T )−fyg] does not contain two
vertex-disjoint triangles for every y2fu; xg; then z 2fv; wg and d(z; T ) = 0.
(b) If
P
y2V (P) d(y; T )>8; then G[V (P [ T )] contains two vertex-disjoint
cycles.
Proof. To prove (a), it is easy to see that if there exists z 2fv; wg such that d(z; T )=0,
then d(p; T )=3 for every p2V (P)−fzg as Py2V (P) d(y; T )>9. Furthermore, if z=v,
then G[V (P [ T )− fvg] 2K3 = fT − q+ u; qwxqg, and if z = w, then G[V (P [ T )−
fwg] 2K3 =fT −q+ x; quvqg for any q2V (T ). Hence all we need is to show that if
G[V (P [ T )− fyg] does not contain two vertex-disjoint triangles for every y2fu; xg,
then there exists z 2fv; wg such that d(z; T ) = 0.
We now assume that G[V (P[T )−fyg]+ 2K3 for every y2fu; xg. Then by Lemma
2.3(b), we have
P
z2V (P)−fug d(z; T )67 and
P
z2V (P)−fxg d(z; T )67. It follows that
d(u; T )>2 and d(x; T )>2 as
P
y2V (P) d(y; T )>9. If d(u; T ) = 2, then
P
z2V (P)−fug
d(z; T )=7 and by Lemma 2.3(b), we must have d(v; T )=d(x; T )=2 and d(w; T )=3.
By Lemma 2.3(b) again, G[V (P[T )−fxg] 2K3, a contradiction. Hence d(u; T )=3.
Similarly, we can show d(x; T )= 3. As d(v; T )+ d(w; T )>3, we may assume without
loss of generality that d(v; T )>2. Then by Lemma 2.3(a), we have d(w; T ) = 0 for
otherwise G[V (P [ T )− fug] 2K3. This proves (a).
To prove (b), we see that there exists y2V (T ) such that d(y; P)>3. This implies
that either fu; vgN (y; P) or fw; xgN (y; P). Without loss of generality, assume
fu; vgN (y; P). If d(w; T − y) + d(x; T − y)>2, then T − y+w+ x contains a cycle
vertex-disjoint from the triangle uvyu. So we may assume d(w; T−y)+d(x; T−y)61.
Therefore, d(w; T ) + d(x; T )63 and if equality holds then d(y; P) = 4. If d(u; T ) = 3,
then P−u+y contains a cycle vertex-disjoint from the triangle T −y+u. So we may
assume d(u; T )62. It follows that d(v; T ) = 3 and d(w; T ) + d(x; T ) = 3 and therefore
T −y+v and ywxy are two vertex-disjoint triangles of G[V (P[T )−fug]. This proves
the lemma.
Lemma 2.5. Let s and t be two integers with t>s>3 and t>4. Let C1 and C2
be two vertex-disjoint cycles of G with lengths s and t; respectively. Suppose that
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P
x2V (C2) d(x; C1)>2t+1. Then G[V (C1 [C2)] contains two vertex-disjoint cycles C0
and C00 such that l(C0) + l(C00)<s+ t.
Proof. As
P
x2V (C2) d(x; C1)>2t + 1 and t>s, it is easy to see that there is a vertex
x in C1 and a vertex y in C2 such that d(x; C2)>3 and d(y; C1)>3. Let a and b be
the predecessor and successor of x on C1, respectively. Let c and d be the predecessor
and successor of y on C2, respectively. Assuming that the conclusion does not hold,
it is easily seen that
N (x; C2) = fc; y; dg and N (y; C1) = fa; x; bg: (1)
Moreover, no other vertex of C2 has three neighbors on C1. As
P
z2V (C2) d(z; C1)>
2t + 1, we see that d(z; C1) = 2 for all z 2V (C2) − fyg. As t>4, we may choose
a vertex w2V (C2) − fc; y; dg. Then the path of C1 joining two neighbors of w but
avoiding x is a cycle of length at most s. This cycle is vertex-disjoint from the triangle
xycx. This proves the lemma.
3. Proof of the theorem
Let k be a positive integer and G a graph of order n>3k. Assume that dG(x) +
dG(y)>4k − 1 for every pair of non-adjacent vertices x and y of G. Suppose, for
a contradiction, that G does not contain k vertex-disjoint cycles. We distinguish two
cases: n= 3k or n> 3k.
3.1. Proof of the theorem in the Case n= 3k
We choose G to be a maximal counterexample, that is, G + xy kK3 for every
pair of non-adjacent vertices x and y of G. Then G contains k − 1 vertex-disjoint
triangles T1; T2; : : : ; Tk−1 and a path P= x1x2x3 such that P is vertex-disjoint from each
Ti (16i6k − 1). Let H =
Sk−1
i=1 Ti.
As x1x3 62E(G); d(x1; H) + d(x3; H)>4k − 1 − 2 = 4(k − 1) + 1. This implies that
there exists Ti in H , say Ti = T1, such that
d(x1; T1) + d(x3; T1)>5: (2)
We may assume d(x1; T1)=3 and label T1=y1y2y3y1 such that fy2; y3gN (x3; T1).
Let G1 = G[V (P [ T1)] and H1 = H − V (T1). Then G1+ 2K3. By Lemma 2.3(a),
d(x2; T1) = 0 (3)
and, therefore,
d(x2; G1) + d(y1; G1)66: (4)
Thus d(x2; H1) + d(y1; H1)>4k − 1− 6 = 4(k − 2) + 1. This implies that there exists
Ti in H1, say Ti = T2, such that
d(x2; T2) + d(y1; T2)>5: (5)
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Let G2 =G[V (G1 [ T2)] and H2 =H1 − V (T2). Then G2+ 3K3. Label T2 = z1z2z3z1
such that fz2; z3gN (x2; T2) \ N (y1; T2). Here we distinguish two cases: x2z1 2E(G)
or x2z1 62E(G).
Case I: x2z1 2E(G). As G2+ 3K3, the following (6) and (7) hold.
d(x1; T2) = 0 and x3z1 62E(G); (6)
If x3y1 or y1z1 2E(G); then d(x3; T2) = 0: (7)
Proof of (6) and (7). If x1z1 2E(G), then G2 3K3 = fx1x2z1x1; y1z2z3y1; x3y2y3x3g.
Similarly, if x3z1 2E(G), then G2 3K3. If x1z2 2E(G) or x1z3 2E(G), say without
loss of generality that the former holds, then G2 3K3 =fx1y1z2x1; x2z1z3x2; x3y2y3x3g.
Therefore d(x1; T2)=0 and x3z1 62E(G). Similarly, if x3y1 2E(G) or y1z1 2E(G), i.e.,
d(x3; T1) = 3 or d(y1; T2) = 3, we can show d(x3; T2) = 0. This proves (6)
and (7).
Let L = y1x1x2x3. By (3), (6) and (7), we have d(x1; G2) = 4, d(x2; G2) = 5 and
d(x3; G2) + d(y1; G2)611. Therefore, we obtainX
u2V (L)
d(u; G2)620: (8)
As x1x3 62E(G) and x2y1 62E(G), we have
P
u2V (L) d(u; H2)>8k−2−20=8(k−3)+2.
This implies that there exists Ti in H2, say Ti = T3, such thatX
u2V (L)
d(u; T3)>9: (9)
By Lemma 2.4(a), L has a vertex v such that G[V (L [ T3) − fvg] contains two
vertex-disjoint triangles T 0 and T 00. Let G3 = G[V (G2 [ T3)] and H3 = H2 − V (T3).
Then G3+ 4K3. If v=y1, then G3 4K3 = fT 0; T 00; T1; T2g. If v= x1, then G3 4K3 =
fT 0; T 00; T2; x1y2y3x1g. If v = x3, then G3 4K3 = fT 0; T 00; T2; x3y2y3x3g. Therefore v
must be x2. By Lemma 2.4(a) again, we have
d(x2; T3) = 0 and d(x1; T3) = d(x3; T3) = d(y1; T3) = 3: (10)
Label T3 = u1u2u3u1 and let Q= u1x1x2z1. If one of u1z2 and u1z3, say u1z2, belongs
to E(G), then G3 4K3 = fu1z2y1u1; x3u2u3x3; x2z1z3x2; x1y2y3x1g. Hence u1z2 62E(G)
and u1z3 62E(G). Thus d(u1; G3)68. We also have d(x1; G3) = 7, d(x2; G3) = 5
and d(z1; G3)69 by (3), (6), (7) and (10). Therefore we obtain the inequality
P
u2V (Q)
d(u; G3)629. As x1z1 62E(G) and u1x2 62E(G) by (6) and (10), respectively, we haveP
u2V (Q) d(u; H3)>8k−2−29=8(k−4)+1. This implies that there exists Ti in H3, say
Ti=T4, such that
P
u2V (Q) d(u; T4)>9. By Lemma 2.4(a), G[V (Q[T4)−fvg] contains
two vertex-disjoint triangles W 0 and W 00 for some v2V (Q). Let G4 =G[V (G3 [ T4)].
Then G4 5K3 = fW 0; W 00g [ S, where S is dened in the following. If v = u1 then
S= fT3; y1z2z3y1; x3y2y3x3g; if v= x1 then S= fx3u2u3x3; y1z2z3y1; x1y2y3x1g; if v= x2
then S = fT1; x3u2u3x3; x2z2z3x2g; and if v = z1 then S = fT1; T2; x3u2u3x3g. It follows
that G kK3, a contradiction. This completes Case I.
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Case II: x2z1 62E(G). In this case, y1z1 2E(G). As G2+ 3K3, the following (11)
and (12) hold.
d(x1; T2) = 0 and N (x3; T2)fz1g; (11)
If x3y1 2E(G); then d(x3; T2) = 0: (12)
Proof of (11) and (12). If x1z1 2E(G), then G2 3K3=fx1y1z1x1; x2z2z3x2; x3y2y3x3g. If
fz2; z3g\N (xi; T2) 6= ; for some i2f1; 3g, say without loss of generality z2 2N (xi; T2),
then G2 3K3 = fxix2z2xi; y1z1z3y1; xjy2y3xjg, where fi; jg= f1; 3g. This shows (11).
Similarly, if x3y1 2E(G), i.e., d(x3; T1) = 3, then d(x3; T2) = 0. So (12) holds.
Let L = x2x1y1z1. By (3), (11) and(12), we have
P
u2V (L) d(u; G2)620. As x1z1 62
E(G) and x2y1 62E(G), we have
P
u2V (L) d(u; H2)>8k − 2− 20 = 8(k − 3) + 2. This
implies that there exists Ti in H2, say Ti=T3, such that
P
u2V (L) d(u; T3)>9. By Lemma
2.4(a), G[V (L [ T3)− fvg] contains two vertex-disjoint triangles T 0 and T 00 for some
v2V (L). Let G3 = G[V (G2 [ T3)] and H3 = H2 − V (T3). Then G3+ 4K3. If v 6= x1
then G3 4K3 = fT 0; T 00; x3y2y3x3; Rg, where R is dened in the following. If v = z1
then R=T2; if v=y1 then R=y1z2z3y1; and if v= x2 then R= x2z2z3x2. Hence v must
be x1. By Lemma 2.4(a), we have
d(x1; T3) = 0 and d(x2; T3) = d(y1; T3) = d(z1; T3) = 3: (13)
Label T3 = u1u2u3u1. If d(x3; T3) 6= 0, say without loss of generality x3u1 2E(G),
then G3 4K3 = fx3u1x2x3; y1u2u3y1; T2; x1y2y3x1g. Therefore, we have
d(x3; T3) = 0: (14)
By (11){(14), we have d(x1; G3) + d(x3; G3)68. Then d(x1; H3) + d(x3; H3)>
4k − 1 − 8 = 4(k − 4) + 7. This implies that there exists Ti in H3, say Ti = T4,
such that d(x1; T4) + d(x3; T4)>5. Let fs; tg = f1; 3g and label T4 = w1w2w3w1 such
that d(xs; T4) = 3 and fw2; w3gN (xt ; T4). Let G4 = G[V (G3 [ T4)] and H4 =
H3 − V (T4). Then G4+ 5K3.
By (11){(14), d(xs; G4)67. By Lemma 2.3(a), d(x2; T4) = 0 as G[V (P [ T4)]+
2K3. By (3) and (13), we obtain d(x2; G4) = 7. By (13) and (14), d(u1; G4)612. If
d(w1; T3)>2, say without loss of generality fu1; u2gN (w1; T3), then
G4 5K3 = fw1u1u2w1; u3y1z1u3; x2z2z3x2; xsw2w3xs; xty2y3xtg, a contradiction. Hence
d(w1; T3)61 and consequently, d(w1; G4)611 as x2w1 62E(G). Let Q = w1xsx2u1.
Then
P
a2V (Q) d(a; G4)611 + 7 + 7 + 12 = 37.
As u1xs 62E(G) and w1x2 62E(G), we have
P
a2V (Q) d(a; H4)>8k−2−37=8(k−5)+
1. This implies that there exists Ti in H4, say Ti = T5, such that
P
a2V (Q) d(a; T5)>9.
By Lemma 2.4(a), G[V (Q [ T5) − fvg] contains two vertex-disjoint triangles N 0 and
N 00 for some v2V (Q). Finally, we obtain G[V (G4 [ T5)] 6K3 = fN 0; N 00; T2g [ S,
where S is dened in the following. If v=w1 then S=fT4; y1u2u3y1; xty2y3xtg; if v=xs
then S=fxsw2w3xs; y1u2u3y1; xty2y3xtg; if v=x2 then S=fT1; xtw2w3xt ; x2u2u3x2g; and
if v = u1 then S = fT1; T3; xtw2w3xtg. It follows that G kK3, a contradiction. This
completes Case II.
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3.2. Proof of the theorem in the case n> 3k
Let t be the greatest integer in f1; 2; : : : ; kg such that G contains t vertex-disjoint
cycles. If t>k, then there is nothing to prove, so assume t < k. We may choose t
vertex-disjoint cycles C1; C2; : : : ; Ct such that
tX
i=1
l(Ci) is minimum: (15)







has a longest path: (16)
Let H =
St
i=1 Ci; D = G − V (H); d = jV (D)j and P = x1x2 : : : xs a longest path of
D. We claim
s= d: (17)
Proof of (17). Assume s<d. Since D is a forest, we get that d(xs; D)61, and as D is
not a path, there must be a vertex y in D−V (P) with d(y;D)61. Clearly, yxs 62E(G).
Hence d(y;H) + d(xs; H)>4k − 1 − 2 = 4(k − 1) + 1. This implies that there exists
Ci in H such that d(y; Ci) + d(xs; Ci)>5, so either d(y; Ci)>3 or d(xs; Ci)>3. By
Lemma 2.1 and (15), Ci must be a triangle. By Lemma 2.2, Ci has a vertex, say xs+1,




Proof of (18). We may assume that l(C1)6l(C2)6   6l(Ct) and let Ct = y1y2 : : :
ymy1. On the contrary, we suppose d63. Then m>4 as n> 3k. By (15), we see
that d(yi; Ct) = 2 for all i2f1; 2; : : : ; mg. By Lemma 2.1 and (15), d(x; Ct)62 for all
x2V (D). By Lemma 2.5 and (15), we havePmi=1 d(yi; Cj)62m for all j2f1; 2; : : : ; t−
1g. ThereforePmi=1 d(yi; G)62tm+2d. We also have 2Pmi=1 d(yi; G)=Pmi=1(d(yi; G)+
d(yi+2; G))>m(4k − 1). We obtain
m(4k − 1)=262tm+ 2d: (19)
But m(4k − 1)=2>2tm + 2d with equality only if m = 4; t = k − 1 and d = 3.
Hence m = 4 and
P4
i=1 d(yi; Cj) = 8 for all j2f1; 2; : : : ; k − 1g. As d = 3, we have
x1x3 62E(G). Hence d(x1; H) + d(x3; H)>4k − 1− 2 = 4(k − 1) + 1. This implies that
there exists Cj in H such that d(x1; Cj)+d(x3; Cj)>5. We may assume without loss of
generality that d(x1; Cj)>3. By Lemma 2.1 and (15), Cj must be a triangle. Therefore
Cj has a vertex, say z, such that d(z; Ct)>3 as
P4
i=1 d(yi; Cj) = 8. Then we see that
G[V (Cj[Ct)[fx1g] contains two vertex-disjoint triangles. This is a contradiction with
(15). Therefore (18) holds.
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As d>4, x1xd−1 62E(G) and x2xd 62E(G). Let S = fx1; x2; xd−1; xdg. Then
P
x2S
d(x; H)>8k−2−6=8(k−1). Therefore, there exists Ci in H such that
P
x2S d(x; Ci)>8.
Obviously, there exists x0 2 S such that d(x0; Ci)>2. By Lemma 2.1 and (15), we see
that l(Ci)64. Moreover, if l(Ci) = 4, then every vertex x in S is adjacent to two
vertices of Ci which are not consecutive on Ci. Consequently, G[V (Ci) [ S] contains
two vertex-disjoint cycles of length 4. If Ci is a triangle, then Lemma 2.4(b) im-
plies that G[V (Ci [P)] contains two vertex-disjoint cycles. In either case, we obtain a
contradiction with the maximality of t. This completes the proof of the theorem.
Remarks. An anonymous reader proposed a question: Does it make sense to try to
establish results related to closure concept of Bondy and Chvatal? In other words: is
there for instance a ‘nice’ property P(u; v) for non-adjacent vertices u and v of a graph
G such that, if G satises P(u; v), then G+ uv has k vertex-disjoint cycles if and only
if G has k vertex-disjoint cycles?
The following example shows that a ‘nice’ property P(u; v) might involve more than
the sum of the two degrees d(u) and d(v). Let G be a graph of order 3k such that
G consists of (k − 1) triangles and a path uxv which are vertex-disjoint. Moreover, u
is not adjacent to v, d(x) = 2 and d(u) = d(v) = 3k − 2. Then G does not contain k
vertex-disjoint triangles as d(x) = 2 and uv 62E(G). But obviously, G + uv contains k
vertex-disjoint triangles.
4. For further reading
The following references are also of interest to the reader: [3,7]
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